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The uncertainty of geometric imperfections in a series of nominally equal I-beams leads
to a variability of corresponding buckling loads. Its analysis requires a stochastic im-
perfection model, which can be derived either by the simple variation of the critical
Eigenmode with a scalar random variable, or with the help of the more advanced theory
of random fields. The present paper first provides a concise review of the two different
modeling approaches, covering theoretical background, assumptions and calibration, and
illustrates their integration into commercial finite element software to conduct stochastic
buckling analyses with the. Monte-Carlo method. The stochastic buckling behavior of an
example beam is then simulated with both models, calibrated from corresponding imper-
fection measurements. The simulation results show that for different load cases, buckling
load variabilities and corresponding mode shapes obtained from the Eigenmode based
approach are in good accordance with those obtained from the random field based ap-
proach. This demonstrates that the simple variation of the critical Eigenmode is a valid
basis for the stochastic analysis of imperfection sensitive I-section beam-columns.
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1. Introduction

Due to their excellent properties under bending loads, thin-walled I-section beam-
columns constitute one of the most frequently used construction elements in steel
structures today. However, their open cross section made up of cantilevered thin
plates causes a difficult failure process at ultimate strength, which usually com-
bines both local plate buckling and global flexural-torsional buckling. In addition,
I-section beam-columns are very sensitive to small changes in geometry, which dras-
tically reduce their ultimate load bearing capacity compared to the resistance of
the perfect member. The most common approach to take into account geometric
imperfections in the analysis of I-section beam-columns is a deterministic model
based on conservative worst case assumptions. It relies on the fact that thin-walled
structures are particularly sensitive to imperfections in the shape of their Eigen-
modes. The geometric deviation is therefore assumed to correspond to the critical
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Eigenmode of the I-beam, which is expected to be triggered at ultimate strength.
The deterministic Eigenmode based imperfection model is a suitable tool for the
application in structural engineering practice with a focus on deriving reliable upper
bounds to exclude buckling in worst case scenarios.

Due to the randomness of geometric imperfections, resulting from arbitrary
influences during industrial manufacturing, transportation and on-site assembly,
buckling loads of a series of nominally equal I-section beam-columns exhibit a large
scattering. This uncertainty is an important aspect, for example when considering
economic design or the probability of failure. Since experimental studies would in-
volve buckling tests for very large numbers of I-sections, consuming prohibitively
large financial and material resources, the analysis of the buckling load variabil-
ity requires the application of modern simulation technology in conjunction with
stochastic imperfection models. Over the last decade, several approaches have been
reported in the literature, which can be generally classified into two categories:
First, a simulation can be based on stochastic imperfection models, which extend
the standard deterministic approach by a random variable. They can be handled
reliably with basic knowledge of statistics, but involve the Eigenmode assumption.
Second, a simulation can be based on random fields that represent the spatial vari-
ability of geometric imperfections. Random fields are thus capable of reproducing
stochastic characteristics of experimental imperfection data without taking addi-
tional assumptions in terms of spatial shape or magnitude, but their application
requires a deeper understanding of modern stochastic process theory. Their accu-
racy and reliability has been demonstrated in many computational studies for a
range of thin-walled structures, such as beams, plates and shells.

In this context, the present paper intends to address the following key ques-
tion: How closely do the results of the simple stochastic Eigenmode based model
approximate the results of the random field based model, whose accuracy has been
demonstrated in the literature? This question is of particular interest, since a close
match of the results would underline that the simple Eigenmode model provides a
valid basis for the stochastic simulation of I-section beam-columns. In the following,
we give an answer by examining the example I-section beam, for which extensive
measurements of geometric imperfections and experimental buckling test data for
several nominally equal I-section members are provided by a data bank. Fig. 1
shows the examination process. First, a Gaussian random field based model is cali-
brated by deriving homogeneous and evolutionary power spectra from imperfection
measurements. Using the spectral representation method, realizations of random
imperfections are generated. Second, an Eigenmode based model is set up, which
generates realization of imperfections with a single Gaussian random variable fitted
to the measurements. Each stochastic imperfection model produces an arbitrary
number of imperfect I-section beam samples, which can be analyzed with nonlinear
finite elements (FE). In the sense of the Monte-Carlo method, the buckling load
variability for each imperfection model is derived from the series of deterministic
finite element results in terms of histograms and statistic key parameters.
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Figure 1: The four steps of the simulation with the random fields method.

The paper is organized as follows: Section 2 provides a brief review of relevant
elements of the theory of random fields. Section 3 introduces the example I-section
beam-column and discusses in detail the background, the assumptions and the cal-
ibration of a random field based and an Eigenmode based stochastic imperfection
model. Section 4 briefly illustrates some aspects of the discretization and the non-
linear analysis with the commercial FE software “MSC Nastran”. In section 5, the
simulation results obtained with each imperfection model are presented and their
stochastic characteristics are compared and assessed in detail. Section 6 summa-
rizes the observations, concluding that the Eigenmode approach indeed constitutes
a valid basis for the stochastic simulation of I-section beam-columns.

2. Some elements of the theory of random fields

The notion of a random field and its spectral representation are briefly reviewed,
which are applied later on to set up a random field based model of geometric
imperfections. Readers interested in a more detailed description are referred to *

2.1. Random fields and their description

A random field, also known as a stochastic process, is an ensemble of functions that
can be characterized stochastically. A Gaussian random field f(z) is completely
characterized by a mean function u(z), standard deviation o(z) and an autocor-
relation function. It is called homogeneous, if u(x), o(z) and the autocorrelation
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function do not change along x. If they do, we call the random field evolutionary.
Considering the spectral representation of these parameters, we can estimate them
from measurements as follows.

2.2. Power spectrum estimation
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Figure 2: General power spectrum estimation using the Fourier transformation.

A random physical phenomenon can be described by a series of m measurements
that are interpreted as realizations h(i)(w),i =1,2,...,m of the underlying random
field h(zx) 26:27:28.7, Measurements h'®) (z) are first divided into a deterministic mean
w(z) and zero-mean components f(z). If the zero-mean field f(z) can be assumed
to be homogeneous, the corresponding power spectrum Si(w) can be estimated by
the so-called periodogram 2545 (see also Fig. 2.)

2

L
Sp(w) = E 5;15| /0 £ () - e~ Tomdy 2.1)

where the term in absolute value is the Fourier transform of f(z), E[] denotes the
operator of mathematical expectation, L is the length of f ® (z) and I is the complex
unit. If the zero-mean part ¥ (z) of the measurements are evolutionary and can be
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Figure 3: Example of an evolutionary power spectrum.

assumed to be approximately separable, the corresponding power spectrum S(w, x)
(see Fig. 3.) can be estimated by the method of separation, recently introduced by
SCHILLINGER and PAPADOPOULOS 3%

.‘§'h(w)

2 [ Sp(w)dw 22)

~ : 2

S(w,z) = E U f(’)(:r)‘ ]
The left hand side of Eq. (2) denotes the estimated mean square; the right hand
side represents a normalization of the periodogram based homogeneous estimate
S'h(w) from Eq. (1). Due to the decoupling into a spatial and a frequency part,
which simultaneously allows an accurate resolution in space and an optimum local-
ization in frequency, the method of separation Eq. (2) is especially suitable for the
robust estimation of strongly narrow-band power spectra, as they are typical for
geometric imperfection measurements. The complete derivation of the method of
separation and a comparison with standard techniques for the estimation of differ-
ent benchmark spectra has been recently presented in 3%. In particular, this study
shows both analytically and numerically that for separable spectra the estimation
of Eq. (2) converges to the true spectrum for an infinite number of input samples.
Furthermore, it shows that the method of separation yields considerably better es-
timation results for strongly narrow-band imperfection samples than any standard
evolutionary estimation technique.

2.3. Spectral representation of a random field

If the power spectrum Sp(w, z) of f(x) is known, an arbitrary number m of corre-
sponding random samples can be generated by the spectral representation method
37,3840 which reads for a one-dimensional univariate zero-mean Gaussian random
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3. Stochastic imperfection modeling of an imperfect I-section
beam-column

We consider the example of a typical I-section beam, for which measurements of
geometric imperfections in a series of nominally equal beams are available from a
data bank. We show in detail how to set up and calibrate corresponding random
field based and Eigenmode based imperfection models.

3.1. The example I-section beam-column

The report by Hasham and Rasmussen'® contains extensive imperfection measure-

ments and corresponding experimental buckling loads for a series of six nominally
identical, 4 m long I-beams, whose nominal geometry is illustrated in Fig. 5.
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Figure 5: The I-section test member with total length of 4000 and free length of 3330 mm.
a Cross-section dimensions. b Displacement transducers for imperfection measurement. ¢
Length dimensions, additional stiffeners and plates.

The tested specimens were designed to be representative of doubly symmetric
welded steel I-sections with typical levels of geometric imperfections, and were fab-
ricated in the laboratory by the experimenters themselves. Web stiffeners and plates
at the ends of the specimens enable levers to be rigidly connected for the transfer
of moments. This reduces their free length to 3.33 m (see Fig. 5). The material is
described by Young’s modulus E = 2.1-10°N/mm? and Poisson’s ratio v = 0.3, and
the plate thickness ¢ is 5mm in both web and flanges. Since the focus of our study
lies on the comparison of stochastic modeling approaches for geometric imperfec-
tions, all other parameters are assumed deterministic. For geometric imperfection
measurements, displacement transducers were placed at nine cross-sectional loca-
tions &1 to &g as shown in Fig. 5a. Under the assumption that the specimens are
perfectly placed in the reaction frame as illustrated in Fig. 6., measurements were
taken longitudinally at intervals of 25 mm referred to a straight line fitted between
the two end points. The geometric imperfections are classified into local and global
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where i =1,2,...m and n = 0,1,2...(N — 1). The parameter w,,; is the cut-off fre-
quency, beyond which the power spectrum is assumed to be zero, the integer N
determines the discretization of the active frequency range, and ¢$f) denotes the

,L'th

realization of N independent phase angles uniformly distributed in the range

[0, 2] as shown in Fig. 4. To obtain samples of the original random field h(z) , the

deterministic mean p(z) has to be superposed to Eq. (3).
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Figure 4: The spectral representation method.
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Figure 6: Reaction frame for beam-column buckling tests.

imperfections. There are five types of local imperfections that were directly mea-
sured at positions &1, d3, 4, 65 and d7. The three global imperfections u, v and 6
were determined from the rest of the local measurements as follows:

2
63— 6
V= (3.2)
89 —0s
o= 600 mm (3.3)

The parameters u, v and 6 denote global cross-sectional deviations in weak and
strong axis directions and rotation about the cross-sectional center of gravity. Some
of the measurements are illustrated in Fig. 7.

3.2. Conceptual modeling of an imperfect I-beam

We follow the conceptual imperfection model derived by SCHILLINGER et al. 36 for
a similar I-section, which fully accommodates all available measurements. The total
geometric imperfection profile is assumed to be composed of five local components
A1 to As and three global components v; to 3 as illustrated in Fig. 8. Local im-
perfections denote local geometric deviations perpendicular to the flange and web
plates in the cross-sectional plane. They are imposed onto the perfect outer flange
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Figure 7: Example for geometric imperfection measurements.
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Figure 8: The eight different components of the total geometric imperfection. a Local
imperfections A at the flange endges and the web center. b Global imperfections +.

edges and the web center, while the web-flange junctions remain perfect. Interme-
diate imperfections in flanges and web are interpolated linearly and parabolically,
respectively. The assumptions of fixed junctions and interpolation shapes are con-
firmed by measurements at intermediate plate points in similar I-sections. Global
imperfections ; to 3 describe deviations from perfect alignment, i.e. weak and
strong axis translations and cross-sectional rotation, which are superposed onto the
locally imperfect geometry.
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3.3. The random field based modeling approach

In the random field based model, local as well as global imperfections are as-
sumed to be fully uncorrelated, and can thus be modeled by eight independent
one-dimensional random fields along the longitudinal axis of the beam. Following
SCHILLINGER et al. 36, the five random field representations A\i, k = 1, ..., 5 for local
components are assumed to be zero-mean and homogeneous, so that correspond-
ing power spectra gk(w) can be estimated by inserting measurements &1, d3, d4, s
and 7 into the periodogram Eq. (1). The random field representation for global
components 7, = 1,2, 3, consist of mean functions p;(z) evaluated from the cor-
responding series of processed measurements u, v and 6, and of the corresponding
zero-mean evolutionary random fields, whose power spectra S‘g(w, x) are estimated
by inserting the zero-mean parts of u, v and 6, into the method of separation Eq.
(2). In view of Eq. (3), an arbitrary number of local and global random field samples
A and y; can then be generated by spectral representation as

N-1

M) =v2 Y Agn - cos (wnx + ¢$f)) (3.4a)
n=0
Akn=1/2 Sk(wn) - Aw (3.4b)
. N-1 4
7(@) = (@) +v2 Y Ay - cos (wnx + ¢$,Z)) (3.5a)
n=0
Apn = /2 S, 7) - Aw (3.5b)

where Aw = 3 -10*rad/mm and parameters i, n and ¢ are defined in Eq. (3).

Despite the analogy between the experimental measurements and the imperfec-
tion model, the power spectra directly obtained from experimental data are inac-
curate, because imperfection measurements comprise both local and global compo-
nents. This is illustrated in Fig. 5 by comparing the measured flange imperfection
A3 with its purely local counterpart A2 of the conceptual model, which are com-
pletely different. We follow the solution proposed by SCHILLINGER et al. 36, who
separate the imperfection measurements in the frequency domain w into two dis-
tinct parts that contain smaller local wave-lengths and larger global wave-lengths,
repsectively. Since imperfections in the form of Eigenmodes of the perfect structure
have potentially the most decisive influence 461445 it is sufficient to separate the
critical local and global wave-lengths that correspond to a local or global buckling
mode of the perfect I-section member.

The global buckling modes of the perfect beam correspond to Euler modes that
include at most two half-waves in longitudinal direction, whereas the lowest local
buckling mode consists of several half-waves (see for example Fig. 11.). Hence the
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frequency domain is partitioned into two distinct frequency parts

Wglobal = (0.0000; 0.0024) [rad/mm)] (3.6a)
Wiseat = (0.0024; 0.0150) [rad/mm)] (3.6Db)

The transition point corresponds to 2.5 half-waves, so that long-wave components
around the relevant Euler modes are attributed to the global imperfections and
short-wave components around the relevant local buckling modes are attributed
to the local imperfections. Frequencies beyond the upper cut-off frequency of
w = 0.015rad/mm are not taken into account. Fig. 9. shows examples of a homo-
geneous spectrum for local imperfections, an evolutionary spectrum for global im-
perfections, and the corresponding mean function, all estimated from six measure-
ments. Evolutionary power spectra are released from spurious high-frequency oscil-
lations in spatial direction, which are a consequence of the small number of input
measurements, with the spectral smoothing procedure suggested by SCHILLINGER
and PAPADOPOULOS %°.
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Figure 9: Examples of evolutionary and homogeneous power spectra.

The complete geometric profile at each longitudinal position z is obtained by
mapping the initial perfect cross-sectional geometry (y, z) to the imperfect cross-
sectional geometry (Y, Z) in the form

=t « [ )« Bl e o] [) oo

~ ~
local components global components

where B , D and t denote flange width, section height and plate thickness of the
I-section according to Fig. 5. The flange index in Ak, k = 1...4 has to be chosen
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according to the current flange position of (y, z). Imperfection samples generated
from the random field based model are illustrated in Fig. 10, consisting of local
homogeneous flange and web imperfections, global non-homogeneous translations
and cross-sectional rotation.

(2) (b)

(c) (d)

(e) )

Figure 10: I-section sample with local and global geometric imperfections by the random
field approach (magnified by 100). a Flange imperfection A1 - A4. b Web Imperfection As.
¢ Weak axis translation 1. d Strong axis translation 7;. e Cross-sectional Rotation ~v3. f
Complete Imperfection Eq. (3.7)
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3.4. The Eigenmode based modeling approach

The Eigenmode based approach for the stochastic modeling of geometric imperfec-
tions can be regarded as a simple extension of the standard deterministic concept,
which is an integral part of modern design codes and regulations. For the current
example of an I-section beam-column, design standards define the critical global
Eigenmode as a half sine wave, so that global imperfection samples +; read

Yi(z) = Aglob, - sin (:r Lio) (3.8)

where the scalar Agop,; denotes the amplitude at mid-span, [ = 1,2,3 is a counter
denoting again weak and strong axis translations and rotations, respectively, and
Ly is the free length of the beam. The critical local Eigenmode is assumed here in
the form of the lowest local Eigenmode of the perfect structure, which can be deter-
mined for example by a FE based linear buckling analysis for the load case under
consideration. As an example, Fig. 11. illustrates the lowest local Eigenmode of the
perfect I-section beam-column under pure compression. A scalar local imperfection

Figure 11: Failure mode of the perfect I-section obtained by linear buckling analysis with
MSC NASTRAN. Displacements magnified by 80 for the visualization.

field fioc(z,y, ) is obtained by deducting the perfect geometry from the local mode
shape and normalizing the result with respect to its largest absolute value. In anal-
ogy with Eq. (3.8), it can be used to derive a deterministic local imperfection model
in the form

A(;I;’, Y, z) = Aloc : fioc(xy Y, Z) (39)

which can be modulated by a suitable scalar amplitude Ajoc.
The introduction of uncertainty in the Eigenmode based global and local im-
perfection models of Eqgs. (3.8) and (3.9) can be simply achieved by considering the
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scalar amplitudes Agi0p; and A;,. as Gaussian random variables

Aglob,l = Hglob,l + Oglob,l Z (3103)

Aloc = Tloc * Z (3.10b)

where pgiop, and ogiep with I = 1,2, 3 denote the means and standard deviations
of the global weak and strong axis translations and the global rotation, respectively,
and oy, is the standard deviation of the local imperfection profile. Parameter Z
denotes a zero-mean random variable with the standard Gaussian probability distri-
bution. The free parameters of the simplified Eigenmode based imperfection model
are the mean and standard deviations of Eqgs. (3.10a) and (3.10b), for which a
variety of calibration approaches could be thought of, accommodating the prefer-
ence of the design engineer or the safety requirements of the project. For example,
a very conservative calibration could determine fig105; from the maximum values
that occur in the global measurements u, v, and 8 of Egs. (3.1) through (3.3).

In the present case, we are interested in a calibration, which accommodates
most of the ideas of the random field based model, so that the comparability of
the random field based and the Eigenmode based models is not biased by different
assumptions. Therefore, we calibrate the parameters of the Eigenmode based model
by using the information of the random field based model in the following way:

¢ In analogy with the previous section, we assume in Eq. (3.) a non-zero-mean
distribution of the amplitude A, for global imperfections and in Eq. (3.)
a zero-mean distribution of the amplitude A;,. for local imperfections.

e For the global translations and rotation, the means ptg05, are the values of
the mean functions pg1061(z = Lo/2) of Section 3.3 at mid-span.

e Using the fact that the standard deviations can be obtained from an in-
tegration of the spectrum over the frequency range w, the global standard
deviations og0p,; can be determined from corresponding estimated evolu-
tionary power spectra gglob,l(w, x = Lg/2) of Section 3.3 at mid-span

0.0024 _
Oobl = 2/ Sgiob (W, = Lo/2) dw (3.11)
0.0000

where the integral takes into account the frequency range of Eq. (3.).

o Using the same identity, the standard deviation oy, of the local imperfec-
tion profile is chosen as the maximum of the five integrals of the estimated
homogeneous power spectra Sgoc,k(w,x = Ly/2) of Section 3.3

0.0150 _
0120c = ml?x (/0 0024 Sloc,k(w) dw) (312)

where the integrals take into account the frequency range of Eq. (3.). The
choice of the maximum in Eq. (3.) accommodates the conservative character
of the Eigenmode based approach.
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Assuming that all global and local imperfections are uncorrelated, independent
random samples for the translation in the weak axis ;(x), the translation in the
strong axis (), the cross-sectional rotation y3(z) and the local imperfection pro-
file A. With respect to the random field based model of the previous section, the
local imperfection field fio.(z,y, z) can be interpreted as being composed of fully
correlated single local flange and web imperfections, which again underlines the
conservative character of the Eigenmode based model. The complete geometric im-
perfection profile (Y,Z) of the I-section at longitudinal position z is obtained again
by mapping the imperfections onto the perfect geometry (y,z) as follows

G- O[]+ [ ) e

Fig. 12. illustrates the local and global components and the complete imperfec-
tion profile of an Eigenmode based I-section sample.

4. Stochastic buckling analysis using a commercial FE program

To illustrate that buckling load variabilities can be determined without the availabil-
ity of specialized software or an expert knowledge in advanced stochastic methods,
we integrate our geometric imperfection models into a generally available commer-
cial FE solver and the Monte-Carlo method. We provide details on the discretization
of an I-section sample and the geometrically nonlinear analysis of the buckling load.

4.1. Finite element discretization of an I-section beam-column

All finite element computations are performed with the commercial FE program
“MSC Nastran”. We discretize the beam geometry with quadrilateral elements of
type “CQUADA4”, which are standard 4-noded bilinear shell elements, taking into
account membrane and bending as well as transverse shear (thick shell theory).
Random field based and Eigenmode based imperfections can be simply incorpo-
rated into the finite element discretization by adjusting the nodal positions accord-
ing to the imperfect geometry prescribed by Egs. (3.7) and (3.13), respectively. A
corresponding discretization of the I-section beam is shown in Fig. 13. The finite
element discretization takes into account only the free-length part of the I-section
beam samples in the reaction frame of Fig. 6. The interface between the free length
part and the stiffened ends (see Fig. 13a) are described by appropriate displacement
boundary conditions. Due to the perfect pins at the member ends, rotations about
the major y-axis and translations along the z-axis are left unconstrained. According
to 15, rotations about the minor z-axis are constrained. Due to additional stiffeners
and plates, rotations about the longitudinal axis and translations along the y-axis
are prevented. The central web points at both boundaries are constrained against
z-axis translations, and the central web point at one boundary against z-axis trans-
lation. The additional axial stiffness and moments of inertia due to the welds at the
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(e)

Figure 12: I-section sample with local and global geometric imperfections by the eigenmode
based approach (magnified by 100). a Complete local imperfection A1 - As. b Weak axis
translation ;. ¢ Strong axis translation 2. d Cross-sectional Rotation 3. e Complete
Imperfection Eq. (3.16)

flange-web junctions are compensated by slightly increasing the thicknesses of shell
elements as illustrated in Fig. 13b. Experiments show that web-flange junctions
remain unaffected by local buckling deformations 1°. Following SCHILLINGER et al.
36 this is ensured by a triangle of three very stiff truss elements that connect the
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Figure 13: Finite Element Model of the Free-Length member. a Discretization of a per-
fect beam-column with quadrilateral shell elements. b Model of the flange-web junctions
including thicker shell elements and additional truss elements.

outer junction nodes (see Figs. 13a and 13b) and prevent a relative deformation
within the junction. Note that triangles of truss elements do not introduce spurious
bending stiffness and do not interact with each other along the longitudinal axis.
Since the support conditions in the reaction frame prevent out-of-plane distortion
of the cross-section, corresponding warping constraints are imposed by small beam
elements at both ends of the I-section member. Their stiffness components required
to constrain out-of-plane distortion, i.e. bending stiffness around the global z-axis
in the flanges and torsional stiffness in the web, is very large, while all other stiffness
components are reduced to very small values.

4.2. Finite element based buckling analysis

At both beam ends, force boundary conditions resulting from the compression and
bending jacks of the reaction frame are transferred to equivalent stresses in z-
direction. Furthermore, the effect of the weight of the I-section member and half
of the moment actuator bracings and levers is considered by applying equivalent
displacements in y-direction, calculated beforehand according to Euler-Bernoulli
beam theory. The buckling load of a geometrically imperfect I-beam sample is
determined by a geometrically nonlinear FE analysis, which takes into account large
deformation effects. The arc-length procedure is applied to track the equilibrium
path, which simultaneously increases all applied forces, until a bifurcation or limit
point is found, associated with buckling failure. The constitutive law is isotropic
elasticity. Thus, we assume that the failure of the beam occurs at a deformation
state, which is purely elastic, and no plasticity and residual stress effects are taken
into account during the simulation. For a more involved computational model that
takes into account plasticity and residual stresses as well as random field based
thickness and geometric imperfections at the same time, see SCHILLINGER et al.
36 A suitable mesh density for imperfect I-section beam columns is determined by
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(b)

(©)

Figure 14: Various failure modes of beam samples computed by the Monte-Carlo random
field based simulation . a Lateral torsional buckling. b Pure local flange and web buckling.
c Lateral torsional buckling, loads case M/P = 0.050.

just a global translation along the weak axis or global rotation around the I-section
center, respectively. A very rare mode is pure local flange and web buckling, which
occurred only once in an almost perfect I-section beam-column. Under compression
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Figure 15: Various failure modes of beam samples computed by the Monte-Carlo Eigen-
mode based simulation. a Lateral torsional buckling. b Torsional buckling. ¢ ateral torsional
buckling with dominatig flexural buckling for pure major axis bending.

dominated loads, one flange is in tension and therefore stabilized. The most frequent
failure mode in this case consists of combined local plate buckling in the flange under
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compression and a global rotation of the compressed part of the I-section.

These observations show that both geometric imperfection models are able to
trigger a range of different failure modes. The dominance of global flexural-torsional
buckling is in accordance with engineering experience for this kind and length of
I-beams and corresponds well with the observations reported in 4437, For shorter

I-beams of the same cross-section, only local failure modes occur 6.

5.2. Buckling load variability of the random field based approach

The buckling load variabilities of all six load cases obtained with the random field
based imperfection model are shown in the histograms of Figs. 16 through 21, which
can be regarded as an approximation of the probability distribution of the buckling
load. For the load case of pure compression, the decrease in ultimate strength with
respect to the first bifurcation point of the perfect structure amounts to more
than 30% and more than 45% compared to the mean and the lowest encountered
buckling load, respectively, while for pure bending, the same comparison yields a
decrease of ... % and ... %. Thus, the random field based imperfection model is able
to simulate the considerable influence of geometric imperfections on the ultimate
strength of thin-walled I-sections. The coefficient of variation Cov represents a
normalized measure of stochastic dispersion independent of the absolute value of
the buckling load, which thus allows an objective comparison of the buckling load
variability of the present I-beam with those of the shorter I-beam of the same
cross-section and a thin cylindrical shell, all examined under pure compression.
The current 3.33 m long I-section beam-column exhibits a Cov of 6.6%, which is
significantly higher than the Cov = 1.3% observed in the 1.33 m long beam-column
of the same cross-section 6. This demonstrates the dramatic increase of the buckling
load variability with the length of the I-beam. The coefficient of variation of the
buckling load under pure compression is thus almost comparable to the scattering
of the buckling load in a cylindrical shell (Cov = 8%), which is another classical
example of an imperfection sensitive structure. With increasing moment, the mean
value of the maximum normal force decreases constantly from y = 691.03kN under
pure compression to p = 139.1kN under a force moment ratio of M/P = 0.5m.
In addition, for bending dominated load cases, the scattering of buckling loads
dramatically increases to coefficients of variations up to Cov = 30% in Fig. 20.
Comparing the histograms of the different load cases, we can observe that under
axial load only, the probability distribution is symmetric and similar to a normal
distribution. However, with increasing bending moment, the probability distribu-
tion of the buckling load becomes skewed, so that the bulk of the values lie to the
left of the mean and a tail on the right side occurs, and thus resembles more a log-
normal distribution. This is also confirmed by the positive skewness v > 0, which
provides an objective measure of the asymmetry of the probability distribution.
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Figure 16: Buckling loads distributions of I-section members for the load case pure com-
pression P.
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Figure 17: Buckling loads distributions of I-section members for the load case M/P = 0.050.

5.3. Buckling load variability of the Eigenmode based approach

In analogy with the previous sub-section, Monte-Carlo simulations are conducted
with random Eigenmode based geometric imperfections. The resulting buckling load
variabilities are displayed in Figs. 16 through 21, side by side with the corresponding
random field based results. A first visual comparison of the histograms indicates that
the two different imperfection models lead to very similar results. The form of the
probability distribution follows the same trend, changing its shape with increasing
moment from an approximately normal distribution to a skew distribution with a
tail on the right. With respect to the minimum and maximum buckling loads, both
imperfection models are in surprisingly good accordance throughout all load cases.

Taking a more detailed look at the stochastic key parameters, we can observe
further similarities. The increase in skewness 7 confirms the changing shape of the
distribution. Furthermore, the surge in scattering with increasing end moments is
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Figure 18: Buckling loads distributions of I-section members for the load case M/P = 0.125.
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Figure 19: Buckling loads distributions of I-section members for the load case M/P = 0.250.

reproduced, which is illustrated by an increase in the corresponding coefficients of
variation from Cov = 5.3% to a maximum of around Cov = 40%. With increasing
moment, the mean value of the maximum normal force decreases constantly within
the same range. However, the Eigenmode based imperfection model leads in general
to lower means throughout all load cases and to much higher standard deviations
and coefficients of variation for the dangerous bending dominated load cases, which
underlines its conservative character. A tentative explanation for this characteristic
behavior of the probability distributions is the comparability of the imperfections
in terms of amplitudes, since both models are calibrated from the same power
spectra, but the missing comparability in terms of frequencies. While the random
field based model randomly contains all frequencies contained in the power spectra,
the Eigenmode based model determinstically contains a combination of only those
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Figure 20: Buckling loads distributions of I-section members for the load case M/P = 0.500.
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Figure 21: Buckling loads distributions of I-section members for the load case pure major
axis bending moment M.

imperfection modes, which the I-section beam column under consideration can be
expected to be most sensitive to.

5.4. The stochastic interaction curve

The influence of combined loading on the ultimate strength of I-section members
is typically illustrated by interaction curves '>16:44 that show corresponding pairs
of ultimate axial load and ultimate end moments for different load combinations.
Following SCHILLINGER et al. 36, stochastic interaction curves are derived with both
geometric imperfection models for the present I-section beam-column by considering
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pure major axis bending M, pure axial compression P as well as the four constant
combinations M/P = 0.050,0.125,0.250 and 0.500 m, and are plotted in Figs. 22.
and 23. The additional stochastic information of the histograms is incorporated

8 &
8 8

3

Probability Density
o

Figure 22: Normal force - moment interaction curves for the random field based simulation.

by adding a frequency dimension. Figure 24 compares the curves composed of the
means and the lowest buckling loads for each load case and imperfection model with
the experimental buckling tests and the interaction formula according to Eurocode
3 %6, The simulated curves have both a convex shape, which is reasonable with
respect to similar results in the literature in 6. The EC3 curve, which has been
derived on the basis of large scale experiments %44 can be seen to be optimistic
for pure compression, but becomes increasingly conservative with larger bending
components. Thus, the EC3 curve reacts to the increase in uncertainty for bend-
ing dominated load cases, which is also predicted by simulations in the form of a
dramatic increase in the coefficients if variation.

6. Summary and conclusions

The present paper compares two stochastic modeling methods for geometric im-
perfections in their ability to represent the variation of buckling loads of a long
I-section beams. In particular, both methods are applied in a similiar way starting
with the complicated random field approach and calibrating homogeneous and evo-
lutionary power spectra for the local and global imperfections of the beam based on
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Figure 23: Normal force - moment interaction curves for the random field based simulation.
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Figure 24: Normal force - moment interaction curves for the random field based simulation.

experimental measurements. Then the same is done for the stochastic eigenmode
method by replacing the stochastic theory estimations with conservative assump-
tions on the safe side and introducing random variables calibrated out of the power
spectra from the first approach. Both imperfection models are then discretized with
non-linear shell elements using the commercial finite element program "MSC NAS-
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TRAN” and the stochastic buckling behaviour of the I-section beam is examined
with two identical, large scale Monte-Carlo simulations. The ability of both methods
to represent the vast variation of the buckling loads for different load cases, depend-
ing exclusively on geometric imperfections is confirmed by comparison to real-life
buckling tests. With respect to load-displacement response, failure modes and key
stochastic parameters both methods are in a comprehensible agreement with each
other and experiments. It is outlined, that both methods offer a deeper insight in
the buckling behaviour of I-section beam-columns and are well suited for praxis ap-
plications like extending expensive and time-consuming real-life buckling tests with
large scale numerical simulations. Furthermore the eingenmode approach is a very
simply and simultaneously accurate enough alternative to the precise random field
method, allowing further exploitation of fast and reliable stochastic computations
in order to provide better understanding of the physical behaviout of thin-walled
structures.
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